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Abstract
Let H be a finite dimensional non-semisimple Hopf algebra over an algebraically
closed field k of characteristic 0. If H has no nontrivial skew-primitive elements, we
find some bounds for the dimension of H1, the second term in the coradical filtration
of H. Using these results, we are able to show that every Hopf algebra of dimension 14
is semisimple and thus isomorphic to a group algebra or the dual of a group algebra.
Also a Hopf algebra of dimension pq where p and q are odd primes with p < q ≤ 1+3p
and q ≤ 13 is semisimple and thus a group algebra or the dual of a group algebra. We
also have some partial results in the classification problem for dimension 16.
0 Introduction
In recent years, there has been some progress on the problem of the classification of finite
dimensional Hopf algebras over an algebraically closed field of characteristic 0. The first
classification discussion appears in [12] for dimensions 4 and 5, but few techniques were then
available. In [25], R. Williams classified Hopf algebras of dimension less than 12 by heavily
computational methods.
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Three fundamental results have had a great impact on the classification theory: the Taft-
Wilson Theorem ([24], with a more general version proved in [16]), dealing with pointed
Hopf algebras, the Nichols-Zoeller Theorem ([18]), which extends Lagrange’s Theorem to
finite dimensional Hopf algebras, and the Kac-Zhu Theorem ([26]), stating that a Hopf
algebra of prime dimension p is isomorphic to the group algebra k[Cp]. See [1] for a survey
of progress on the classification problem to date.
It is an open problem to find the smallest dimension for which infinitely many non-
isomorphic Hopf algebras exist. At this time, the smallest such dimension where this is
known to happen is 32 (see [11], [3]). S¸tefan showed that there are only finitely many
semisimple Hopf algebras of a given dimension, up to isomorphism [21]. It has been shown
by a series of results of Masuoka [14], [15], Gelaki and Westreich [10] and Etingof and Gelaki
[8] that a semisimple Hopf algebra of dimension pq where p and q are primes is isomorphic
to a group algebra or the dual of a group algebra.
A new, more conceptual, approach to the classification of all Hopf algebras in dimensions
less than 12 was presented by D. S¸tefan in [23]. The classification for dimension 12 was
done by N. Fukuda in the semisimple case [9] and completed by S. Natale [17]. In [2], N.
Andruskiewitsch and S. Natale obtained a series of general results that led in particular to
the classification in dimensions 15, 21, 25, 35 and 49. Most recently, S.-H. Ng [19] proved that
in dimension p2, p prime, the only Hopf algebras are group algebras or Taft Hopf algebras.
One main aim of this paper is to prove that in dimension 14 all Hopf algebras are semisimple,
so that the smallest dimension where a Hopf algebra which is neither semisimple, pointed
nor the dual of a pointed, exists is 16.
The classification appears to be more difficult for even dimensions. One reason, for in-
stance, is that for odd dimension, if H is a non-semisimple Hopf algebra, then either H or
H∗ has a nontrivial grouplike element [26]. The smallest dimensions that have remained
unclassified are 14, 16, 18, 20, etc.
We prove the following.
Theorem 0.1 Every Hopf algebra of dimension 14 over an algebraically closed field k of
characteristic 0 is isomorphic to a group algebra or the dual of a group algebra. Thus there
exist three isomorphism types of k-Hopf algebras of dimension 14, namely k[C14], k[D7] and
k[D7]
∗ where C14 is the cyclic group of order 14 and D7 is the dihedral group of order 14.
To prove this theorem, we develop some results about the dimension of the second term
of the coradical filtration of a finite dimensional Hopf algebra with no nontrivial skew-
primitive elements. As a consequence we are able to prove the following, from which it
follows immediately that a Hopf algebra of dimension 15, 21, 35, 55, 77, 65, 91 or 143 must
be isomorphic to a group algebra or the dual of a group algebra. For dimensions 15, 21, and
35, this result appears in [2] by different arguments.
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Theorem 0.2 Let p and q be odd primes where p < q ≤ 1 + 3p and q ≤ 13. Then a Hopf
algebra H of dimension pq over an algebraically closed field of characteristic 0 is semisimple.
Thus, if H has dimension 15,21,35,55,77,65,91 or 143, H is semisimple and thus isomorphic
to a group algebra or the dual of a group algebra.
In the final section, we consider dimension 16, where the classification of the semisimple
Hopf algebras, of the pointed Hopf algebras and their duals, and of the non-pointed Hopf
algebras whose coradical is a Hopf subalgebra is already done (see [13], [6], [4], [5]).
1 Preliminaries
Except in Section 2, we work over a field k which is algebraically closed of characteristic
0. All unexplained notation may be found in [7] or in [16]. For a coalgebra C, G(C) will
denote the group of grouplike elements of C. The coradical filtration of C is C0 ⊆ C1 . . .. For
a matrix coalgebra Mc(n, k), we will say that E = {eij |1 ≤ i, j ≤ n} is a matrix coalgebra
basis if E is a basis for the coalgebra, if △(eij) = ∑nr=1 eir ⊗ erj and if ǫ(eij) = δij.
We describe some key notions and results from [23], [2] and [17]. First we recall a descrip-
tion of the coradical filtration due to Nichols (unpublished) which was key to the results in
[2]. More detail can be found in [2, Section 1].
For C a coalgebra over an algebraically closed field k, there is a coalgebra projection π
from C onto C0 with kernel I [16, 5.4.2]. Define ρL := (π ⊗ id)△ : C → C0 ⊗ C and
ρR := (id⊗ π)△ : C → C ⊗ C0. Let Pn be the sequence of subspaces defined recursively by
P0 = 0;
P1 = {x ∈ C : △(x) = ρL(x) + ρR(x)} = △−1(C0 ⊗ I + I ⊗ C0);
Pn = {x ∈ C : △(x)− ρL(x)− ρR(x) ∈
∑
1≤i≤n−1
Pi ⊗ Pn−i}, n ≥ 2.
Then by a result of Nichols (see [2, Lemma 1.1]), Pn = Cn∩I for n ≥ 0. Suppose C0 = ⊕τ∈ICτ
where the Cτ are simple coalgebras and Cτ has dimension d
2
τ . Any C0-bicomodule is a direct
sum of simple C0-subbicomodules and every simple C0-bicomodule has dimension dτdγ for
some τ, γ ∈ I.
Now letH be a finite dimensional Hopf algebra with coalgebra structure C as above. Then
P1 is a C0-bicomodule via ρR and ρL. As in [2] we denote by P
τ,γ
1 the isotypic component of
the C0- bicomodule P1 of type the simple bicomodule with coalgebra of coefficients Cτ ⊗Cγ .
(If Cτ = kg for g grouplike, we may use the superscript g instead of τ in this notation.) Note
that dimP1 =
∑
τ,γ dimP
τ,γ
1 and dimH1 = dimH0 + dimP1. The following lemma is [2,
Corollary 1.3]. Note that I, P1, etc, are dependent on the choice of the coalgebra projection
π.
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Lemma 1.1 For S the antipode in the Hopf algebra H and g ∈ G(H), then
dimP τ,γ1 = dimP
Sγ,Sτ
1 = dimP
gτ,gγ
1 = dimP
τg,γg
1 ,
where the superscript Sα means that the simple coalgebra is S(Cα) and the superscript gα
or αg means that the coalgebra is gCα or Cαg.
Proofs for the list of results in the next lemma may also be found in [2]. A nontrivial
skew primitive is one which is not contained in k[G(H)]. As in [2], let H0,d with d ≥ 1 denote
the direct sum of the simple subcoalgebras of H of dimension d2.
Lemma 1.2 (i) The order of G(H) divides the dimension of Hn for n ≥ 0, and of H0,d
for d ≥ 1.
(ii) For Pn as above, Hn = H0 ⊕ Pn and |G(H)| divides dimPn, ∀n.
(iii) Suppose H does not contain any nontrivial skew primitive element. Suppose that any
simple subcoalgebra of H has dimension 1 or n2, for some n > 1.Then n divides dimP1.
(iv) Let H be non-semisimple. If H = H1, then H has a non-trivial skew primitive element.
(v) Let H be non-semisimple. If dimH is square free, then H has no non-trivial skew
primitive element.
The next proposition is from [17] where it is derived from a result in [23].
Proposition 1.3 Let H be a finite dimensional non-semisimple Hopf algebra. Suppose that
H is generated by a simple subcoalgebra C of dimension 4 that is stable by the antipode.
Then H fits into an extension
1→ kG → H → X → 1,
where G is a finite group and X∗ is a pointed non-semisimple Hopf algebra.
Let H be a Hopf algebra of dimension 14. If H is semisimple, then H is either a group
algebra or the dual of a group algebra by [14]. If H is pointed, then by [22] or by Lemma
1.2 v), H is semisimple. Thus to prove Theorem 0.1 we must show that no Hopf algebra of
dimension 14 can have coradical containing a matrix coalgebra Mc(n, k) for n = 2 or 3.
2 Matrix-like coalgebras
In this section k is any field of characteristic different from 2 but not necessarily alge-
braically closed. We say that a coalgebra C is a 2× 2 matrix-like coalgebra if C is spanned
by elements (eij)1≤i,j≤2 called a matrix-like spanning set (not necessarily linearly indepen-
dent) such that △(eij) = ∑1≤p≤2 eip⊗epj and ǫ(eij) = δij for any 1 ≤ i, j ≤ 2. We classify all
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2× 2 matrix-like coalgebras up to isomorphism. This classification can be used in the proof
of Theorem 0.1 but is also of independent interest. First we describe some 2 × 2 matrix-
like coalgebras of dimension less than 4. Let C3 denote the space with basis {g, h, u} and
coalgebra structure defined by
△(g) = g ⊗ g, △(h) = h⊗ h, ε(g) = ε(h) = 1;
△(u) = g ⊗ u+ u⊗ h, ε(u) = 0.
We can take e11 = g, e12 = u, e21 = 0, e22 = h to be the matrix-like spanning set.
For a ∈ k, let C2(a) be the space with basis {x, y} and coalgebra structure defined by
△(x) = x⊗ x+ ay ⊗ y, ε(x) = 1;
△(y) = x⊗ y + y ⊗ x, ε(y) = 0.
Here we take e11 = x, e12 = y, e21 = ay, e22 = x.
A 1-dimensional coalgebra with basis {x} is also a 2× 2 matrix-like coalgebra. Let e11 =
x = e22, e12 = e21 = 0.
Theorem 2.1 Let C be a 2 × 2 matrix-like coalgebra of dimension less than 4 and with
matrix-like spanning set (eij)1≤i,j≤2. Then C is isomorphic to one of the following.
(i) If dimC = 3, then C ∼= C3.
(ii) If dimC = 2, then C ∼= C2(a) for some a ∈ k. If a /∈ k2, then G(C2(a)) = ∅. If
a ∈ (k∗)2, then G(C2(a)) = {x+√ay, x−√ay}. If a = 0, then G(C2(a)) = {x} and
in this case y is a (x, x)-primitive element. For a, b ∈ k∗ we have that C2(a) ≃ C2(b)
if and only if a
b
is a square in k. Thus the coalgebras C2(a) with a 6= 0 are classified
by the factor group k∗/(k∗)2.
(iii) If dimC = 1, then C has basis the group-like element x.
Proof. We first consider 2× 2-matrix-like coalgebras C of dimension 3.
Case 1. The elements e11, e12, e21 are linearly independent. Then write e22 = ae11+be12+
ce21; apply ǫ to obtain a = 1. Substitute e11+be12+ce21 for e22 in△(e22) = e21⊗e12+e22⊗e22
and equate the coefficients of the basis elements of the tensor product to see that 1+ cb = 0.
Thus b 6= 0 and c = −1
b
, which means that e22 = e11 + be12 − 1be21. Hence we have that
△(e11) = e11 ⊗ e11 + e12 ⊗ e21,
△(e12) = e11 ⊗ e12 + e12 ⊗ e11 + be12 ⊗ e12 − 1
b
e12 ⊗ e21,
△(e21) = e21 ⊗ e11 + e11 ⊗ e21 + be12 ⊗ e21 − 1
b
e21 ⊗ e21.
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The dual algebra C∗ has dual basis E11, E12, E21 such that E11 is the identity element and
E212 = bE12, E
2
21 = −
1
b
E21, E12E21 = E11 − 1
b
E12 + bE21, E21E12 = 0.
This shows that there exist two algebra morphisms from C∗ to k, namely
E11 7→ 1, E12 7→ 0, E21 7→ −1
b
and also E11 7→ 1, E12 7→ b, E21 7→ 0.
Therefore G(C) = {e11− 1be21, e11+ be12}. Let h denote e11− 1be21 and let g denote e11+ be12.
It is easy to check that u = e12 satisfies △(u) = g ⊗ u + u⊗ h, so then we obtain that C is
isomorphic to C3, as claimed in statement (i).
Case 2. The elements e11, e12, e22 are linearly independent. Write e21 = ae11+be12+ce22.
By applying ε, we find a+ c = 0, thus e21 = ae11+ be12− ae22. If a 6= 0, then e11, e12, e21 are
linearly independent, and we reduce to Case 1. Assume that a = 0. Then e21 = be12 and if we
substitute in△(e21) = e21⊗e11+e22⊗e21, we find be11⊗e12+be12⊗e22 = be12⊗e11+be22⊗e12,
showing that b = 0. We obtain
△(e11) = e11 ⊗ e11; △(e12) = e11 ⊗ e12 + e12 ⊗ e22; △(e22) = e22 ⊗ e22,
which again is exactly the coalgebra C3.
The situation where e11, e21, e22 are linearly independent reduces to Case 2, and the situa-
tion where e12, e21, e22 are linearly independent reduces to Case 1 by relabelling the spanning
elements eij via the transposition (1 2).
We now consider the situation where dimC = 2.
Case 1. The elements e11, e12 are linearly independent. Then again using the counit, we
must have e21 = ae12 and e22 = e11+ be12 for some a, b ∈ k. If b 6= 0, then e11, e22 are linearly
independent and we will investigate this situation in Case 2. Assume b = 0, thus e22 = e11.
Since the elements (eij)1≤i,j≤2 satisfy the comatrix comultiplication,
△(e11) = e11 ⊗ e11 + ae12 ⊗ e12 and △(e12) = e11 ⊗ e12 + e12 ⊗ e11
we obtain C2(a) by letting x = e11, y = e12.
Let {X, Y } be the basis of C2(a)∗ dual to {x, y}. Then X is the identity element of C2(a)∗
and Y 2 = aX . If ϕ : C2(a)
∗ → k is an algebra morphism, then ϕ(X) = 1 and ϕ(Y )2 = a.
Hence if a is not a square in k, then such a map ϕ cannot exist, and then G(C2(a)) = ∅.
If a is a non-zero square in k, then there are two such algebra morphisms ϕ, producing two
grouplike elements of C2(a), namely x+
√
ay and x−√ay. If a = 0, then G(C2(a)) = {x},
and then clearly y is an (x, x)-primitive element.
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Now let a, b ∈ k∗ and suppose C2(a) ≃ C2(b). This is equivalent to C2(a)∗ ≃ C2(b)∗,
which is equivalent to the existence of an element αX + βY ∈ C2(a)∗ such that β 6= 0 and
(αX + βY )2 = bX . This is equivalent to 2αβ = 0 and α2 + β2a = b. Since β 6= 0 we must
have α = 0, and then a
b
is a square in k.
Case 2. The elements e11, e22 are linearly independent. Then since ε(e12) = ε(e21) = 0
we must have e12 = ae11 − ae22, e21 = be11 − be22 for some a, b ∈ k. Then
△(e11) = (1 + ab)e11 ⊗ e11 − abe11 ⊗ e22 − abe22 ⊗ e11 + abe22 ⊗ e22;
△(e22) = abe11 ⊗ e11 − abe11 ⊗ e22 − abe22 ⊗ e11 + (a+ 1)be22 ⊗ e22;
and if we denote c = ab, x = 1
2
(e11 + e22), y = e11 − e22, then C has basis {x, y} and a
straightforward computation shows that
△(x) = x⊗ x+ (c+ 1
4
)y ⊗ y, ε(x) = 1;
△(y) = x⊗ y + y ⊗ x, ε(y) = 0.
Thus C ≃ C2(c+ 14).
Case 3. The elements e11, e21 are linearly independent. Then again we see that e12 =
ae21, e22 = e11+ be21 for some a, b ∈ k. If b 6= 0 we reduce to Case 2. If b = 0, then e22 = e11,
which means that e22, e21 are linearly independent, and we reduce to Case 2 by relabelling
the eij ’s via the transposition (1 2). All the other cases reduce to one of these 3 cases via
the same relabelling.
Finally, in dimension 1, it is clear that the coalgebra is a grouplike coalgebra.
3 The dimension of P1
For the remainder of this paper, k will denote an algebraically closed field of characteristic
0. In this section, we find lower bounds for the dimension of P1. First we prove the following
proposition.
Proposition 3.1 Let H be a finite dimensional Hopf algebra such that dimP1 = n. If
x1, x2, . . . , xn is a basis for P1, then
△(xi) =
n∑
j=1
xj ⊗Aji +
n∑
k=1
Bik ⊗ xk
where the Aij , Bkl lie in H0 and satisfy the identities of an n× n matrix coalgebra. That is,
△(Aik) =
n∑
j=1
Aij ⊗Ajk and ǫ(Aik) = δik;
similarly for the Bik. If A (respectively B) is the subcoalgebra of dimension ≤ n2 of H0
generated by the Aij (respectively the Bij) then we cannot have A = B = k · 1 or A ∼= B ∼=
Mc(n, k).
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Proof. Since P1 is a right (left) H0−comodule via ρR (ρL), then the subcoalgebra
A(respectively B) of H0 satisfies the identities of an n × n matrix coalgebra. If A = B =
k · 1, then the xi are primitive, contradicting the fact that H is finite dimensional. If
A ∼= B ∼= Mc(n, k), then P1 is a right A-comodule of dimension n, and thus is irreducible
as a right A-comodule. Thus P1 is irreducible as an H0-bicomodule, and so dimP1 = n
2, a
contradiction.
Proposition 3.2 Let H be a finite dimensional Hopf algebra with no nontrivial skew prim-
itive elements. Suppose H0 ∼= k[G] ⊕Mc(n1, k) ⊕ . . . ⊕Mc(nt, k) where t ≥ 1 and 2 ≤
n1 ≤ n2 ≤ . . . ≤ nt. Then dimP1 is a multiple of |G| and is greater than or equal to
min(n21, 2n1|G|).
Proof. By Lemma 1.2, |G| divides dimP1. Suppose M is a simple H0-sub-bicomodule
of P1 so that ρL(M) ⊆ Cτ ⊗M and ρR(M) ⊆ M ⊗ Cγ with Cτ , Cγ simple subcoalgebras
of H0. If dimCτ = dimCγ = 1, then H contains a nontrivial skew primitive element, a
contradiction.
If dimCτ = 1 so that Cτ = k · h for some h ∈ G, and dimCγ = n2i then ni = dimM ≤
dimP h,γ1 . But by Lemma 1.1, dimP
h,γ
1 = dimP
gh,gγ
1 = dimP
Sγ,h−1
1 = dimP
gSγ,gh−1
1 for
all g ∈ G, so that, letting g run through G, we obtain 2|G| distinct bicomodules P τ,γ1 of
dimension greater than or equal to n1. Thus dimP1 ≥ 2n1|G|.
If dimCτ = nj and dimCγ = ni, then dim P1 ≥ ninj ≥ n21.
Corollary 3.3 Let H be a finite dimensional Hopf algebra with coradical H0 ∼= k · 1 ⊕
Mc(n1, k) ⊕ . . . ⊕Mc(nt, k), where t ≥ 1, and 2 ≤ n1 ≤ n2 ≤ . . . ≤ nt. Then dimH >
1 +
∑t
i=1 n
2
i +min(n
2
1, 2n1|G|).
Proof. Since H has no skew primitives, H 6= H1 and so dimH > dimH1 = dimP1 + 1 +∑t
i=1 n
2
i . Now apply Proposition 3.2.
In particular, for dimensions 14 and 16, we have the following.
Corollary 3.4 Let H be a non-cosemisimple Hopf algebra.
(i) If H has dimension 14 or 16, H cannot have coradical H0 = k · 1⊕Mc(3, k).
(ii) If H has dimension 14 or 16, H cannot have coradical H0 = k·1⊕Mc(2, k)⊕Mc(2, k)⊕
Mc(2, k).
(iii) If H has dimension 16 or 18, H cannot have coradical H0 ∼= k ·1⊕Mc(2, k)⊕Mc(3, k).
(iv) If H has dimension 14, H cannot have coradical k[C2]⊕Mc(2, k)⊕Mc(2, k).
Proof. Statements (i), (ii) and (iii) follow directly from Corollary 3.3. Statement (iv)
follows from Proposition 3.2 and the fact that since 14 is square-free, by Lemma 1.2, the
Hopf algebra has no skew primitives.
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4 An approach with injective envelopes
In this short section, we give a different proof that if H has dimension 14, then H cannot
have coradical H0 ≃ k[C2]⊕Mc(2, k)⊕Mc(2, k) and also show that H cannot have coradical
H0 ∼= k[C2]⊕Mc(2, k). This approach is also used for other dimensions in Section 6.
Lemma 4.1 Let g ∈ G(H), the grouplike elements of H, and letM be a right H-subcomodule
of H such that kg ⊂ M and M/kg is a simple comodule with coalgebra of coefficients C.
Then M ⊆ kg ∧ C = kg + C + P g,C1 .
Proof. Let {g}∪{xj |j ∈ J} be a basis ofM . If we replace xj by xj−ε(xj)g, we may assume
that ε(xj) = 0 for any j. Let m ∈ M and write ∆(m) = g ⊗ u + ∑j∈J xj ⊗ hj ∈ M ⊗ H .
If ρ : M/kg → M/kg ⊗ H is the comodule structure map of the factor comodule, and mˆ
denotes the image of m ∈ M in the factor comodule M/kg, then ρ(mˆ) = ∑j∈J xˆj ⊗ hj ∈
M/kg ⊗ C. Thus hj ∈ C for any j. Applying ε ⊗ Id to ∆(m) we see that u = m. Thus
∆(m) = g⊗m+∑j∈J xj ⊗ hj ∈ kg⊗M +M ⊗C, and M ⊆ kg ∧C. By a result of Nichols,
[2, Lemma 1.2], kg ∧ C = kg + C + P g,C1 .
Corollary 4.2 Let H be a non-cosemisimple Hopf algebra with no nontrivial skew primi-
tives. Then for any g ∈ G(H), there exists a simple sub-coalgebra C of H of dimension > 1
such that P g,C1 6= 0.
Proof. Let E ⊆ H be the injective envelope of the right H-comodule k1. Since H is not
cosemisimple, k1 is not injective (see [7, Exercise 5.5.9]), so E 6= k1. LetM be a subcomodule
of E such that M/k1 is simple. Then by Lemma 4.1, M ⊆ k1∧C = k1+C +P 1,C1 for some
simple coalgebra C. Since H has no nontrivial skew primitives, P 1,h1 = 0 for h ∈ G(H). Then
C 6= kh; otherwise M ⊆ H0 ∩ E = k1, a contradiction. Thus dimC > 1. Also P 1,C1 6= 0,
otherwise the argument above shows that M ⊆ k1. Lemma 1.1 now implies that P g,gC1 6= 0
for all g ∈ G(H).
Corollary 4.3 Let H be a finite dimensional non-cosemisimple Hopf algebra with H0 ∼=
k[G]⊕Mc(n1, k)⊕ . . .⊕Mc(nt, k) with t a positive integer, 2 ≤ n1 ≤ n2 . . . ≤ nt, and such
that H has no nontrivial skew primitives. Then
dimH > dimH1 = dimH0 + dimP1 ≥ (1 + 2n1)|G|+
t∑
i=1
n2i .
Proof. Let g ∈ G. Then by Corollary 4.2, P g,C1 6= 0 for some simple sub-coalgebra C
of H with dimC ≥ n21. Then Lemma 1.1 and the argument in the proof of Proposition 3.2
imply that dimP1 ≥ 2n1|G|.
9
Corollary 4.3 may be useful in showing that some Hopf algebras have skew primitives.
For example, let H be a Hopf algebra of dimension 16 with coradical H0 = k[G]⊕Mc(2, k)
with |G| = 4. Then H has a nontrivial skew primitive, and thus contains a pointed Hopf
subalgebra of dimension 8, or else Corollary 4.3 gives a contradiction.
The statement in the next corollary follows easily from Corollary 4.3 and shows that the
coradical k[C2]⊕⊕ti=1Mc(2, k) cannot occur if dimH = 14 for any t > 0 , or if dimH = 22
and t ≥ 3, etc .
Corollary 4.4 Let H be a Hopf algebra of dimension pq, with p < q primes and suppose
H0 = k[Cp]⊕⊕ti=1M(p, k). Then t < (q − 1− 2p)/p.
5 Hopf algebras of dimension 14
In order to prove Theorem 0.1, we must show that for a Hopf algebra H of dimension 14,
the coradical of H cannot be any of :
(i) H0 = k · 1⊕ C, with C ≃Mc(2, k) .
(ii) H0 = k · 1⊕ C, with C ≃Mc(3, k).
(iii) H0 = k · 1⊕ C ⊕D, with C ≃ D ≃Mc(2, k).
(iv) H0 = k · 1⊕ C ⊕D ⊕ E, with C ≃ D ≃ E ≃Mc(2, k).
(v) H0 = k[C2]⊕ C, with C ≃Mc(2, k).
(vi) H0 = k[C2]⊕ C ⊕D, with C ≃ D ≃Mc(2, k).
(vii) H0 = k[C2]⊕ C, with C ≃Mc(3, k).
(viii) H0 = k[C7]⊕ C, with C ≃Mc(2, k).
By Lemma 1.2, cases (vii) and (viii) cannot occur. Cases (ii), (iv) and (vi) were eliminated
by Corollary 3.4 and Case (v) by Corollary 4.4. It still remains to consider cases (i) and (iii).
The key to the argument here is Proposition 1.3, which yields the next lemma directly.
Lemma 5.1 No non-semisimple Hopf algebra H of squarefree dimension can be generated
as a Hopf algebra by a simple subcoalgebra of dimension 4 that is stable under the antipode.
Proof. If H were generated as a Hopf algebra by a simple subcoalgebra of dimension 4 that
is stable under the antipode, then by Proposition 1.3, H fits into an extension
1→ kG → H → X → 1,
where G is a finite group andX∗ is a pointed non-semisimple Hopf algebra. Then X∗ contains
non-trivial skew primitive elements, and then so does H∗. Now we obtain a contradiction
by Lemma 1.2(v).
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Corollary 5.2 For p and q distinct primes, no Hopf algebra H of dimension pq can have
coradical H0 isomorphic to k[G]⊕ C where C ∼=Mc(2, k) and G = G(H).
Proof. Since the antipode maps simple subcoalgebras to simple subcoalgebras, S(C) = C.
Then the Hopf subalgebra L of H generated by C must be all of H . For, by the Nichols-
Zoeller Theorem, dimL is p, q or pq and by the Kac-Zhu Theorem, the only Hopf algebras
of prime dimension are the group algebras.
Thus Case (i) (and also Case (v)) cannot occur. To eliminate Case (iii), it suffices to show
that H contains a simple subcoalgebra C of dimension 4 stable under S. Then C generates
a Hopf subalgebra which again must be all of H .
Proposition 5.3 Let H be a Hopf algebra such that S4 = Id and H0 = k · 1⊕ C ⊕D with
C ≃ D ≃ Mc(2, k). Then H contains a 4-dimensional simple coalgebra stable under the
antipode.
Proof. If S(C) = C, then we are done, so we need to deal with the case where S(C) = D
and S(D) = C. By [23, Theorem 1.4 (b)], we may choose a matrix coalgebra basis {eij |1 ≤
i, j ≤ 2} for C such that
S2(eij) = (−1)i+jeij .
Denote S(eij) by fji. Then {fij|1 ≤ i, j ≤ 2} is a matrix coalgebra basis for D. Note
that S(fji) = (−1)i+jeij . Since ǫ(e12) = ǫ(e21) = 0, we have that m(S ⊗ Id)△(eij) =
m(Id⊗ S)△(eij) = 0 for i 6= j and thus:
f11e12 + f21e22 = e11f21 + e12f22 = e21f11 + e22f12 = f12e11 + f22e21 = 0. (1)
Similarly, since ǫ(fij) = 0 for i 6= j, we have m(S ⊗ Id)△(fij) = m(Id ⊗ S)△(fij) = 0 for
i 6= j and thus:
e11f12 − e21f22 = f12e22 − f11e21 = e22f21 − e12f11 = f21e11 − f22e12 = 0. (2)
Now let E11 = e11f22, E12 = e12f21, E21 = e21f12, E22 = e22f11. Then ǫ(Eij) = ǫ(Fij) = δij for
1 ≤ i, j ≤ 2. Also
△E11 = E11 ⊗ E11 + E12 ⊗ E21 + e11f21 ⊗ e11f12 + e12f22 ⊗ e21f22
and by equations (1) and (2), the sum of the last two terms is 0. Similar computations show
that △Eij = ∑2k=1Eik ⊗ Ekj, and since S(Eii) = Ejj and S(Eij) = −Eij for i 6= j, the
coalgebra E generated by the Eij ’s is invariant under S. If this coalgebra is a 4-dimensional
coalgebra, then it is simple and we are done. Similarly let Fii = fiiejj, Fij = fijeji, i 6= j.
Then △Fij = ∑2k=1 Fik ⊗ Fkj and let F be the coalgebra generated by the Fij. Again, if the
Fij are linearly independent, then F is a 4-dimensional simple coalgebra, invariant under S,
and we are done. Suppose dimE < 4 and dimF < 4. If dimE or dimF is 2 or 3, then
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by the results of Section 2, H contains a nontrivial grouplike element, which is impossible.
Thus E = F = k · 1. Then Eij = Fij = 0 for i 6= j and Eii = Fii = 1, i.e.
e11f22 = f22e11 = e22f11 = f11e22 = 1. (3)
e12f21 = f21e12 = e21f12 = f12e21 = 0. (4)
Now m(S ⊗ Id)△(eii) = 1 = m(Id⊗ S)△(eii) yields
1 = e22f22 + e21f21 (5)
1 = e11f11 + e12f12 = f11e11 + f21e21. (6)
Thus
f12 = (f11e11 + f21e21)f12 by (6) = f11e11f12 by (4)
and so x = e22f12 = e11f12 = e21f22 = −e21f11 by (3), (2) and (1). Now
△(x) = △(e11f12)
= e11f11 ⊗ e11f12 + e11f12 ⊗ e11f22 + e12f11 ⊗ e21f12 + e12f12 ⊗ e21f22
= (e11f11 + e12f12)⊗ x+ x⊗ e11f22 by (3) and (4)
= 1⊗ x+ x⊗ 1 by (6) .
Therefore 0 = x = e22f12 and since e22 is a unit, f12 = 0 which contradicts the fact that the
fij are a basis for a 4-dimensional subspace.
Corollary 5.4 A Hopf algebra of dimension 14 cannot have coradical k · 1 ⊕Mc(2, k) ⊕
Mc(2, k).
Proof. We can assume that H∗ does not contain any nontrivial grouplike. Indeed, if H∗ had
a nontrivial grouplike, then H∗ would be in one of the situations (v)-(viii), which have been
shown to be impossible. Therefore since by [20] the order of S divides 4(lcm(|G(H)|, |G(H∗)|)
= 4, and since H is not semisimple, we have S2 6= Id and S4 = Id and the statement follows
from Proposition 5.3.
This completes the proof of Theorem 0.1.
6 Application to odd dimension pq
Now we apply the previous results to prove Theorem 0.2, i.e., we show that a Hopf algebra
H of dimension pq where p and q are odd primes with p < q ≤ 1+3p and q ≤ 13 is semisimple.
This gives another proof that Hopf algebras of dimension 15, 21 and 35 are semisim-
ple (see [2]) and adds the fact that Hopf algebras of dimension 55, 77, 65, 91 and 143 are
semisimple. The proof depends upon the techniques developed in the previous sections and
on the following lemmas.
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Lemma 6.1 [26] If H is of odd dimension and is not semisimple, then H or H∗ has a
nontrivial grouplike.
Lemma 6.2 Let H be a nonsemisimple Hopf algebra with a nontrivial grouplike element and
dimension pq where p and q are odd primes with p < q. Then G(H) ∼= Cp and the antipode
S of H has order 4p.
Proof. The statement follows directly from [19, Proposition 5.2].
Now we prove our claim about Hopf algebras of dimension pq.
Proof of Theorem 0.2. Suppose H is not semisimple and thus has no nontrivial skew
primitives by Lemma 1.2 (v). By Lemma 6.1, without loss of generality, we may assume
that H has a nontrivial grouplike. Then by Lemma 6.2, G(H) ∼= Cp. Suppose H0 ∼=
k[Cp]⊕Mc(n1, k)⊕ . . .⊕Mc(nt, k) where n1 ≤ n2 ≤ . . . ≤ nt.
Suppose ni ≥ p for all i. Then by Corollary 4.3, we have dimH = pq > (1 + 2p)p+ p2 =
p+ 3p2 so that q > 3p+ 1 which is a contradiction.
Now suppose n1 < p. Here several cases occur.
Case i) Suppose H0 ∼= k[Cp]⊕⊕pi=1Di where Di ∼=Mc(2, k). Let D = {D1, . . . , Dp}. By
the argument in the proof of Corollary 5.2, we cannot have S(Di) = Di for any i. Thus S
induces a permutation σ on the set D with no fixed points. The order of σ is a divisor of 4p,
so any cycle has length 2,4, or p in the decomposition of σ as a product of disjoint cycles. If
there were a cycle of length 2 or 4, then σ has only cycles of even length which is impossible
since p is odd. Thus σ is a cycle of length p and we may assume that S(Di) = Di+1, with
subscripts modulo p.
By the argument in the proof of Corollary 4.3, and using the obvious notation for the
simple subcoalgebra, we have that for all g ∈ G ∼= Cp, dimP g,i1 ≥ 2 for some i. Then also,
since by Lemma 1.1,
dimP Si,g
−1
1 = dimP
g,S2i
1 = . . . = dimP
i,g−1
1 = dimP
g,Si
1 = dimP
S2i,g−1
1 = . . . = dimP
g,i
1
then dim(⊕2p−1i=0 Si(P g,i1 )) ≥ 4p. Since this inequality holds for every g ∈ G, we have that
dimP1 ≥ 4p2. But then pq > 5p + 4p2 so that q > 5 + 4p. But then 5 + 4p < q ≤ 1 + 3p,
which is a contradiction.
Case ii) Suppose H0 ∼= k[Cp] ⊕ ⊕pi=1Di ⊕ ⊕tj=1Mc(nj , k) where Di ∼= Mc(2, k), nj ≥ 2
and t ≥ 1. If n1 < p, then dimH0 ≥ 5p + pn21 ≥ 9p and since dimP1 ≥ 4p, the inequality
pq > 13p together with the condition that q ≤ 13 gives a contradiction. If n1 ≥ p then
dimH0 ≥ 5p+ p2, dimP1 ≥ 4p and thus q > 9 + p. Since p ≥ 3, this means that q > 12 and
since q is prime, q ≥ 13. Now if q = 13, then p ≥ 5 and we do not have 13 > 9 + 5 = 14.
Thus this case is impossible.
Case iii) Suppose H0 ∼= k[Cp]⊕⊕pi=1Mc(n, k)⊕tj=1Mc(nj , k) with 2 < n < p, t ≥ 0. Then
dimH0 ≥ 10p and dimP1 ≥ 6p so pq > 16p and q > 16, a contradiction.
Corollary 6.3 Hopf algebras of dimensions 143, 91, 65, 55, 77, 21, 35, 15 are semisimple.
13
7 Hopf algebras of dimension 16
The next dimension for which the classification is incomplete is dimension 16. All pointed
Hopf algebras of dimension 16 were described in [6] and semisimple Hopf algebras of dimen-
sion 16 were classified in [13]. All non-pointed non-semisimple Hopf algebras of dimension 16
with coradical a Hopf subalgebra are classified in [5]. This leaves the problem of classifying
Hopf algebras of dimension 16 whose coradical is not a Hopf subalgebra.
Proposition 7.1 A Hopf algebra of dimension 16 cannot have coradical isomorphic to any
of
(i) k · 1⊕Mc(2, k)
(ii) k · 1⊕Mc(2, k)⊕Mc(2, k)⊕Mc(2, k)
(iii) k · 1⊕Mc(3, k)
(iv) k · 1⊕Mc(2, k)⊕Mc(3, k)
Proof. Impossibility of the last three coradicals follows from Corollary 3.4. Suppose that
H is a Hopf algebra of dimension 16 with coradical H0 = k · 1⊕C with C ∼=Mc(2, k). Then
C is S-stable and generates a Hopf subalgebra L. If L = H , then by Proposition 1.3, H fits
into an extension
1→ kG → H → X → 1.
Then the dimension ofX is greater than or equal to 4, sinceX∗ is pointed and nonsemisimple,
so the order of G is 1, 2 or 4. If |G| = 1, then H∗ is pointed and this is impossible by the
classification of the duals of the pointed Hopf algebras of dimension 16 in [4]. If |G| = 2
or 4 then kG is isomorphic to a group algebra and H has nontrivial grouplikes. Suppose L
has dimension 8. Since H0 has dimension 5, L is not cosemisimple and so L is the unique
nonpointed noncosemisimple Hopf algebra of dimension 8 (see [23]). But then G(L) ∼= C2,
so this is also impossible.
It remains to eliminate k · 1⊕Mc(2, k)⊕Mc(2, k) to conclude that nonsemisimple Hopf
algebras of dimension 16 have a nontrivial grouplike. By Lemma 1.2, coradicals containing
k[G] ⊕ Mc(3, k), |G| = 2 or 4, cannot occur. So the coradical cannot contain a copy of
Mc(3, k). It is shown in [4] that k[C2]⊕⊕ti=1Mc(2, k) with t = 1, 2, 3 all occur as coradicals
of duals of pointed Hopf algebras of dimension 16, but it is not known whether every Hopf
algebra with such a coradical has a pointed dual.
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